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We self-consistently study surface states of superconducting topological insulators. We clarify
that, if a topologically trivial bulk s-wave pairing symmetry is realized, parity mixing of pair po-
tential near the surface is anomalously enhanced by surface Dirac fermions, opening an additional
surface gap larger than the bulk one. In contrast to classical s-wave superconductors, the resulting
surface density of state hosts an extra coherent peak at the induced gap besides a conventional peak
at the bulk gap. We also find that no such extra peak appears for odd-parity superconductors with
a cylindrical Fermi surface. Our calculation suggests that the simple U-shaped scanning tunneling
microscope spectrum in CuxBi2Se3 does not originate from s-wave superconductivity, but can be
explained by odd-parity superconductivity with a cylindrical Fermi surface.
PACS numbers: 74.45.+c, 74.20.Rp, 73.20.At, 03.65.Vf
I. INTRODUCTION
Topological superconductors (TSCs) are a new state of
matter1–4 with nonzero topological numbers of bulk wave
functions. The topologically protected gapless surface
Andreev bound states (SABSs) are their own antipar-
ticles, realizing Majorana fermions in condensed matter
systems.5 Recently, the newly discovered superconductor
Cu-doped Bi2Se3 has been considered as one potential
TSC candidate.6 The parent material, Bi2Se3, is a topo-
logical insulator with gapless surface Dirac fermions2,7–9,
but superconductivity appears by intercalating Cu. The
superconducting CuxBi2Se3 retains the surface Dirac
fermions in the normal state, and thus it is dubbed super-
conducting topological insulator (STI). From the Fermi
surface structure of the material, CuxBi2Se3 is predicted
to be a TSC6 if time-reversal-invariant odd-parity super-
conductivity is realized.10,11
Since TSCs predict gapless SABSs, tunneling spec-
troscopy via SABS12–14 can directly access the topolog-
ical superconductivity. For CuxBi2Se3, a point-contact
experiment15 has revealed a pronounced zero-bias con-
ductance peak (ZBCP) supporting a topological odd-
parity superconductivity. The surface structure and tun-
neling spectroscopy have been studied theoretically,16–19
and the ZBCP of the experiment has been reproduced
theoretically.18 There are also several other theoretical
studies about this material.20–33
Although similar ZBCPs have been observed inde-
pendently,34–36 there also have been conflicting reports
of tunneling spectroscopy recently.37,38 In particular, a
scanning tunneling microscope (STM) experiment has
indicated a simple U-shaped tunneling conductance for
CuxBi2Se3, which led to contrary statement that this ma-
terial has a nontopological s-wave pairing symmetry.38
In this paper, we shall revisit surface states of STIs,
motivated by the forementioned progress of experiments.
Employing a self-consistent calculation, we shall clarify
that the puzzling issue is understandable with the context
of topological odd-parity pairing with the Fermi surface
evolution.
Whereas there have been several theoretical works on
STIs,16–18 the self-consistent analysis of the surface pair-
ing potential has been lacking. We here present the first
self-consistent calculation for STIs that takes account of
the interplay between bulk superconductivity and sur-
face Dirac fermions in equal footing. We show that, if an
s-wave pairing is realized in the bulk, the pair potential
is enhanced near the surface with an anomalous parity
mixing of the pairing symmetry. The enhanced pair po-
tential opens a large gap for surface Dirac fermions, and
thus the resultant SDOS hosts an extra coherent peak
at the induced gap, in addition to a conventional peak
at the bulk gap. We illustrate that the enhancement and
the parity mixing are mediated by surface Dirac fermions
themselves. This is essentially different from the mech-
anism of a subdominant pair potential emergent in un-
conventional superconductors.39–42 We also would like to
mention that this effect is also distinct from the parity
mixing effect for bulk topological superconductivity.43–48
We also examine surface states for bulk topological
odd-parity pairing. In contrast to bulk s-wave pairing,
neither mixture of a subdominant pair potential nor gap
opening of surface Dirac fermions occurs. It is demon-
strated that the Fermi surface evolution from spheroidal
to cylindrical shape induces a topological phase transi-
tion at which SABSs disappear. Based on our self-consist
analysis, therefore, the bulk odd-parity pairing gives a
consistent understanding on the ZBCP34–36 and the U-
shaped SDOS37,38 observed in CuxBi2Se3.
II. SELF-CONSISTENT THEORY
We start with the Hamiltonian for STIs, H =∫
drψ†α(r)[HTI(−i∇)]αβψβ(r)+
∫
dr[U{n21(r)+n22(r)}+
2V n1(r)n2(r)], proposed in Ref. 6, where ψα and ψ
†
α
are fermionic field operators, and the repeated Greek
2indices imply the sum over the orbital σ = 1, 2 and
spin s =↑, ↓. The electron density operator is defined
as nσ =
∑
s ψ
†
σ,sψσ,s and U and V are intra- and inter-
orbital density-density interactions, respectively. For the
single-particle Hamiltonian HTI, we consider the follow-
ing k · p Hamiltonian describing the band structure of
topological insulators near the Γ point49:
HTI(k) = c(k) +m(k)σx + vzkzσy + vσz(k × s)z, (1)
where m(k)=m0 +m1k
2
z +m2(k
2
x + k
2
y) with m1m2>0
and c(k) = −µ + c1k2z + c2(k2x + k2y) with the chemical
potential µ. We introduce the Pauli matrices in the spin
and orbital spaces, sµ and σµ. As shown in Sec. A 4,
Eq. (1) is a generic form of the Hamiltonian preserving
the mirror and n-fold rotation symmetries (n ≥ 2) in
addition to the inversion and time-reversal symmetries.
Therefore, Eq. (1) not only describes the band structure
of Bi2Se3,
49 but also is applicable to other TIs, including
SnTe.50
The self-consistent electronic structure is obtained by
solving the Bogoliubov-de Gennes equation
H(−i∇)ϕI(r) = EIϕI(r), (2)
where the eigenvector ϕI = (uI,σ,↑, uI,σ,↓, vI,σ,↑, vI,σ,↓)T
satisfies the condition
∫
drϕ†I(r)ϕJ(r) = δIJ . The 8× 8
Hamiltonian density H(r) is given by
H(−i∇) ≡
( HTI(−i∇) −i∆ˆ(r)sy
isy∆ˆ
†(r) −H∗TI(−i∇)
)
. (3)
The 4×4 matrix of the pair potential, ∆ˆ, is obtained from
i
[
∆ˆ(r)sy
]
αβ
= Vαβ
∑
EI>0
[
uI,α(r)v
∗
I,β(r)f(EI)
+v∗I,α(r)uI,β(r)f(−EI)
]
, (4)
where Vαβ is U (V ) for intra-orbital (inter-orbital) inter-
actions and we set α = (σ, s). The set of self-consistent
equations is derived in Sec. A We self-consistently solve
Eqs. (2) and (4) with the discrete variable representa-
tion.51,52 Corresponding to (111) surfaces of CuxBi2Se3,
which are naturally cleaved in the crystal of this mate-
rial, we place the boundary condition ϕ(r) = 0 at z = 0
(bottom surface) and L (top surface). We assume homo-
geneity in the x-y plane parallel to the surface.
The material parameters are set as m0 = −0.28 eV,
vz = 3.09 eVA˚, v = 4.1 eVA˚, and µ/|m0|= 1.8.15,18,49,53
For simplicity, we here focus on c1 = c2 = 0 (The ef-
fect of nonzero (c1, c2) is discussed in Sec. B 1). We
set T = 0, and U and V are chosen so as to fix the
pair potential in the bulk, ∆bulk. Although we deal
with m˜1 ≡m1m0/v2z ∈ [−0.17,−0.59], m˜2 ≡m2m0/v2z ∈
[−0.033,−0.33], and ∆bulk/|m0| ∈ [0.01, 0.1], we here fo-
cus on m˜1=−0.17 and ∆bulk=0.1|m0|. To characterize
the length scale of superconducting states, we define the
coherence length as ξ= vF/∆bulk, which is estimated as
ξ = 12.5k−1F . The Fermi momentum and velocity of the
conduction band are determined by ECB(kF) = µ and by
vF=∂ECB/∂k‖|k‖=kF , respectively, where the conduction
band energy is ECB=c2k
2
‖+
√
(m20 +m1k
2
‖)
2 + v2k2‖ with
k2‖ = k
2
x + k
2
y. For systematic study on the interplay be-
tween superconductivity and surface Dirac fermions, we
introduce
δ ≡ k
D
F − kF
kF
, (5)
which quantifies the separation between the conduction
band and Dirac cone, where kDF is the Fermi momentum
of the Dirac cone (see Figs. 1(a) and 1(c)). Since kF is
sensitive to m˜2, the separation δ is controlled via m˜2. The
calculated range of m˜2 corresponds to 0.05 < δ < 0.18,
which is consistent with angle-resolved photoemission
spectroscopy (ARPES) data.54
III. SURFACE STRUCTURE OF
SUPERCONDUCTING TOPOLOGICAL
INSULATORS
A. Surface Dirac fermions of CuxBi2Se3
In Figs. 1(a) and 1(c), we show the energy spectra of
CuxBi2Se3 in the normal state. Like the parent topolog-
ical insulator Bi2Se3, the topology of the normal state
is characterized by the Z2 invariant, ν, which obeys
(−1)ν=sgn(m0m1). For odd ν’s, topologically protected
Dirac fermions are bound at the surfaces. As seen in
FIG. 1: (Color online) Energy spectra in the normal state
with ∆ = 0 (a) and spatial profiles of ∆1a,3(z) (b) for non-
topological states for m˜2 = −0.066 (δ = 0.159) and −0.20
(0.08) (c, d). “CB” and “VB” denote the conduction and
valence bands, respectively. We set m˜1 = −0.17.
3Pair Potential Inversion Mirror Γ
∆1a, ∆1bσx + + A1g
∆2σysz − − A1u
∆3σz − + A2u
∆4x,4yσysx,y − (+,−) Eu
TABLE I: Pairing potentials in STI and their parity under
inversion P and mirror reflection Myz: Γ denotes the repre-
sentation of the D3d symmetry for CuxBi2Se3.
Figs. 1(a) and 1(c), at the Fermi level of CuxBi2Se3 (i.e.,
E=0 in Fig. 1), the Dirac cone is well isolated from the
bulk conduction band, which is consistent with ARPES
data.54 The separation δ increases with decreasing mag-
nitude of m˜2. The wave function of Dirac fermions on
the surface at z=0 is solved for c1=c2=0 as
ϕD(z) = (e
−κ−z − e−κ+z)
(
0
1
)
σ
⊗ us(kx, ky), (6)
with the boundary condition ϕD(0) = 0, where κ± =
vz/2m1±
√
(m0 +m2k2‖)/m1 + (vz/2m1)
2 and (0, 1)Tσ is
the spinor in the orbital space. The spinor us in spin
space satisfies (kxsy − kysx)us=sk‖us with s=±. ϕD is
localized near the surface for small k‖.
Interestingly, the wave function of Eq. (6) consists of
only one orbital, i.e., σ = 2. In other words, surface
Dirac fermions are fully polarized in the orbital space.
This polarization is a consequence of the inversion sym-
metry breaking on a surface: In the bulk, the inversion
symmetry, PHTI(k)P† = HTI(−k) (P = σx), ensures
the degeneracy in the orbital space, but on a surface,
this symmetry is completely broken so that polarization
can arise. Although the c1 and c2 terms in Eq. (1) may
weaken the orbital polarization of the Dirac cone, it turns
out that the effect of the c1 and c2 terms is negligible
when δ is fixed. The details are described in Sec. B 1 As
we will show below, the polarization has a significant in-
fluence on parity mixing and pairing symmetry near the
surface.
B. Surface states of bulk s-wave pairing
We now turn to superconducting states. Because
Fermi statistics requires ∆ˆ to satisfy sy∆ˆ
Tsy = ∆ˆ, there
are six k-independent pairings in the bulk (∆1a, ∆1bσx,
∆2σysz, ∆3σz , ∆4xσysx, and ∆4yσysy), whose symme-
try properties are summarized in Table I. In the bulk, the
short-range density-density interaction Hint realizes ei-
ther ∆1a+∆1bσx or ∆2σysz, depending on the model pa-
rameters U and V .6 Whereas the former corresponds to
s-wave pairing (the A1g representation for the D3d sym-
metry group of CuxBi2Se3), the latter is a fully gapped
odd-pairing (the A1u representation).
Let us first examine the self-consistent surface state
of the bulk A1g pairing, that is, a topologically trivial
FIG. 2: (Color online) LDOS N (z,E) of the A1g state for
m˜2 = −0.066 (δ = 0.159) (a) and −0.20 (0.08) (b), where the
pair potentials are shown in Figs. 1(b) and 1(d). The LDOSs
in σ = 1 and σ = 2 orbitals in the case of m˜2 = −0.20 are
shown in (c) and (d).
s-wave pairing ∆1a. For a while, we neglect the inter-
orbital density-density interaction V for simplicity. Al-
though the parity of the inversion is a good quantum
number in the bulk, it can be mixed near a surface since
a surface breaks the inversion symmetry. Hence, parity
mixing of surface pair potential may occur, though the
mixing pattern is restricted by symmetry surviving on
the surface considered. The mirror reflection with re-
spect to the y-z plane, Myz = isx, restricts the possible
mixing as
∆ˆ(z) = ∆1a(z) + ∆3(z)σz . (7)
The other pairings ∆2, ∆4x, and ∆4y cannot appear since
they transform in a different manner than ∆1a under
the mirror reflection. Note that for V 6= 0, the possible
mixing of Eq. (7) is modified as ∆ˆ = ∆1a+∆1bσx+∆3σz .
As seen in Fig. 7, however, the induced ∆1b does not alter
our conclusion.
Figures 1(b) and 1(d) show the self-consistently ob-
tained pair potential of Eq. (7), for m˜2 = −0.066 (δ =
0.159) and −0.20 (0.08), respectively. Whereas the pair
potential consists of only the s-wave component ∆1a in
the bulk, the surface at z = 0 induces a large mixing of
the odd-parity pairing ∆3. Moreover, the s-wave pair-
ing ∆1a itself is strongly enhanced near the surface, be-
ing deviated from that of ∆bulk. Both the mixing and
the enhancement are strengthened by decreasing |m˜2|,
i.e., by increasing δ, and they occur near the surface
within the scale of the penetration depth of the Dirac
cone, ℓ≡κ−1− ≪ξ.
The corresponding plots of local density of states
(LDOS) N (z, E)≡∑σNσ(z, E) are shown in Figs. 2(a)
4and 2(b), where
Nσ(z, E) =
∑
I,s
[|uI,σ,s|2δ(E − EI) + |vI,σ,s|2δ(E + EI)].
(8)
The LDOS is obtained from the analytic continuation
of the Green’s function in Eq. (A8) as N (r, E) =
− 1piTr4G(r, r;ωn → −iE+0+), where 0+ is an infinites-
imal constant. These figures clearly indicate the exis-
tence of an extra peak in the SDOS at E/∆bulk ≈ ±2.5
in Fig. 2(a) [E/∆bulk ≈ ±1.5 in Fig. 2(b)], in addition to
the bulk coherent peak at E = ±∆bulk. In Fig. 3(a), we
display the averaged SDOS,
N (E) ≡ 1
l0
∫ l0
0
N (z, E)dz, (9)
where we set l0 = 2k
−1
F . The SDOS in the presence of
surface Dirac fermions (Fig. 3(a)) sharply contrasts the
SDOS of ordinary s-wave superconductors (see Fig. 9(c)):
Whereas the SDOS of ordinary s-wave superconductors
supports only the bulk coherent peak and thus it is sim-
ply U-shaped, the present SDOS is not because of the en-
hancement of the surface superconductivity due to parity
mixing.
Now we will argue a mechanism by which such anoma-
lously large mixing and enhancement of surface pair po-
tential can occur in STIs. The key is the orbital polar-
ization of surface Dirac fermions in Eq. (6): In Figs. 2(c)
and 2(d), we decompose the LDOS of Fig. 2(b) into two
orbital components N1 and N2. The decomposed LDOS
clearly indicates that only the orbital σ = 2 contributes
to the enhanced pair potential near the surface. This
suggests that orbitally polarized surface Dirac fermions
drive the enhancement of the pair potential. Note that
the bulk quasiparticles cannot generate such a huge im-
balance between N1 and N2, since they are degenerate
in the orbital space.
Considering surface Dirac fermions, we can indeed ex-
plain the qualitative behaviors of the surface pair poten-
tial in Figs. 1(b) and 1(d): As was mentioned above,
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FIG. 3: (a) SDOS for the bulk s-wave pairing at (m˜1, m˜2) =
(−0.17,−0.20). (b) Comparison of spatial profiles of ∆1a(z)
with V = 0 and (m˜1, m˜2) = (−0.17,−0.066). In the solid
curve, ∆3 is removed from the self-consistent iteration.
surface Dirac fermions are fully polarized in the σ = 2
orbital on the surface at z=0. Therefore, near the sur-
face, the σ=2 component is dominated by surface Dirac
fermions, whereas the σ = 1 component consists of only
ordinary electrons from the bulk. This means that these
two components can behave differently near the surface,
and thus they determine the surface pair potential in dif-
ferent manners. In the σ=2 component, a larger gap of
surface Dirac fermions is favored to gain the condensation
energy of Dirac fermions, but in the σ=1 component, the
surface pair potential should be smoothly connected to
the bulk pair potential. As the σ=2 (σ=1) component of
Eq. (7) is given by ∆1a−∆3 (∆1a+∆3), the former effect
drives a nonzero surface parity mixing term ∆3 opposite
in sign to ∆1a. The latter, ∆1a+∆3, must vanish at the
surface, while it smoothly connects to ∆bulk. This gives
the condition of ∆1a+∆3 ≈ ∆bulk > 0. The synergism
between these two naturally leads to the enhancement of
∆1a≈∆bulk+|∆3| with a large parity mixing ∆3.
To substantiate the above argument, we demonstrate
in Fig. 3(b) how the pair potential behaves if ∆3 is inten-
tionally removed from the self-consistent iteration. This
behavior clearly supports that parity mixing is indispens-
able to the enhancement of the surface pair potential.
Note also that the mixing and the enhancement of this
mechanism should weaken as surface Dirac fermions are
merged into the bulk, i.e., δ→ 0. This is also consistent
with the difference between Figs. 1(b) and 1(d) as well
as that between Figs. 2(a) and 2(b).
C. Surface states of bulk odd-parity pairing
We also evaluate the self-consistent surface state for
the bulk A1u odd-parity superconductor.
55 As illustrated
in Fig. 4(a), the self-consistently determined pair poten-
tial shows neither parity mixing nor enhancement, in
contrast to the case of the A1g state (Fig. 1). This is
because being consistent with crystal symmetry on the
surface prohibits parity mixing. The spatial dependence
of the pair potential is merely a typical one in the pres-
ence of zero-energy SABSs.13,56,57 The resulting SDOS
in Fig. 4(b) is qualitatively the same as that in non-
self-consistent calculations (see also Sec. B 2).15,18 Hence,
the previous theoretical tunneling spectroscopy calcula-
tions, which are consistent with point-contact experimen-
tal data having ZBCP,15,34–36 are justified.
In Fig. 4(c), we plot the SDOS in the A1u state with
a cylindrical Fermi surface, calculated from the tight-
binding model on the hexagonal lattice (see Sec. B 3).
This yields a simple U-shaped form. This is because
the time-reversal invariant point Γ is not enclosed by the
Fermi surface on the (111) axis, so the Fermi surface evo-
lution from the spheroidal to cylindrical shape induces
the topological phase transition.10,11 This feature is also
observed in the Eu state.
5FIG. 4: (Color online) Spatial profiles of pair potential (a) and
SDOS (b) for the A1u odd-parity state with the separation
δ = 0.08. (c) SDOS in the A1u state with a cylindrical Fermi
surface. The insets in (b) and (c) show the Fermi surface in
the ky-kz plane, where a and c are the lattice constants.
IV. CONCLUDING REMARKS
In summary, we have studied the self-consistent struc-
ture of STIs. We have found that, if the bulk pairing
symmetry is of s-wave type, surface Dirac fermions in-
duce a large magnitude of surface pair potential accom-
panied by parity mixing. As a result, the SDOS hosts
an extra coherent peak at the induced gap as well as
that at the bulk gap. Since the anomalous enhancement
of surface superconductivity is a direct consequence of
well-isolated surface Dirac fermions and parity mixing
through the subdominant pair potential, our theory is
applicable equally to other STIs.58–60
The present result has a direct implication on a recent
STM experiment on CuxBi2Se3.
38 Based on our theory,
the classical U-shaped tunneling spectrum reported in
Ref. 38 does not suggest an s-wave pairing of STI, con-
trary to the previous claim. Instead, we suggest here
that the simple spectrum in CuxBi2Se3 is related to the
evolution of the Fermi surface reported recently61,62: We
have demonstrated that no gapless SABS appears on the
(111) surface even for the A1u odd-parity pairing, when
the two-dimensional cylindrical Fermi surface is realized
in the bulk.10,11 At the same time, neither parity mix-
ing nor enhancement of pair potential occurs for the A1u
pairing in both two- and three-dimensional Fermi sur-
faces. Therefore, the two-dimensional odd-parity pairing
naturally reproduces the simple U-shaped spectrum of
the STM experiment.
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Appendix A: Self-consistent theory for
superconducting topological insulators
In this section, we describe the details on the derivation
of the BdG equation (2) and gap equation (4) for super-
conducting topological insulators. We also illustrate the
possible pairing symmetry in CuxBi2Se3 and a generic
form of the Hamiltonian of carrier-doped topological in-
sulators.
1. Gor’kov equation
We here explain the self-consistent equations which we
have used in this letter. We start with the following
Hamiltonian for spin-1/2 fermions with orbital degrees
of freedom,
H =
∫
drψ†α(r) [HTI(−i∇)]αβ ψβ(r)
+
1
2
∫
dr1
∫
dr2Vγ,δα,β(r12)ψ†α(r1)ψ†β(r2)ψγ(r2)ψδ(r1),
(A1)
where r12 = |r12| ≡ |r1 − r2| is the relative coordinate
and HTI describes the effective Hamiltonian for doped
topological insulators. The repeated Greek indices α, β,
δ, and γ imply the sum over the orbital (σ) and spin
(s) degrees of freedom of electrons: α ≡ (σ, s). The
Matsubara Green’s functions are defined as G(x1, x2) =
−〈Tτ [Ψ(x1)Ψ†(x2)]〉 and
G(x1, x2) =
( G(x1, x2) F(x1, x2)
F¯(x1, x2) −G¯(x1, x2)
)
, (A2)
where xj ≡ (τj , rj) and 〈· · · 〉 ≡ Tr[e(Ω+µN−H)/T · · · ]
with the thermodynamic potential Ω. Here we have
introduced the field operator in Nambu space as Ψ =
(ψσ,↑, ψσ,↓, ψ
†
σ,↑, ψ
†
σ,↓)
T. Below, we expand G by the
Matsubara frequency ωn = (2n + 1)πT , G(x1, x2) =
T
∑
nG(r1, r2;ωn)e
−iωnτ12 .
The Gor’kov equation is derived from the Heisen-
berg’s equation of motion for fermionic field operators,
∂
∂τ ψα(xj) = [H, ψα(xj)], as
∫
dr3 [iωnδ(r13)−H(r1, r3)]G(r3, r2;ωn) = δ(r12),
(A3)
where H is a 8×8 matrix in Nambu space,
H(r1, r2) =
(
δ(r12)HTI(−i∇1) −i∆ˆ(r1, r2)sy
i∆ˆ∗(r1, r2)sy −δ(r12)H∗TI(−i∇1)
)
.
(A4)
Here we have omitted the diagonal part of the self-energy
matrix. The pair potential is defined by the anomalous
6Green’s functions,
∆αβ(r1, r2) = −iVγδαβ(r12) [F(r2, r1; τ12 = 0+)sy]γδ
= −i lim
η→0
T
∑
n
Vγδαβ(r12) [F(r2, r1;ωn)sy]γδ e−iωnη.
(A5)
The Nambu-Gor’kov equation (A3) and the gap equa-
tion (A5) determine the pair potential in a self-consistent
manner.
2. Bogoliubov-de Gennes equation
Now we show that the Gor’kov equation is reduced to
the Bogoliubov-de Gennes (BdG) equation (2),∫
dr2H(r1, r2)ϕI(r2) = EIϕI(r1). (A6)
Here the eigenvector ϕI = (uI,σ,↑, uI,σ,↓, vI,σ,↑, vI,σ,↓)T
fulfills the orthonormal condition,
∫
ϕ
†
I(r)ϕJ(r)dr =
δIJ . We first note that the BdG Hamiltonian Eq. (A4)
is particle-hole symmetric, CH(r1, r2)C−1 = −H(r2, r1),
where C = τxK with K being the complex conjuga-
tion operator. The particle-hole symmetry of the BdG
Hamiltonian ensures that the positive energy solution
ϕE(r) is associated with the negative energy solution
ϕ−E(r) = CϕE(r). Therefore, the following 8 × 8 uni-
tary matrix
uI(r) ≡[ϕ(1)I (r),ϕ(2)I (r),ϕ(3)I (r),ϕ(4)I (r),
Cϕ(1)I (r), Cϕ(2)I (r), Cϕ(3)I (r), Cϕ(4)I (r)] (A7)
diagonalizes the BdG Hamiltonian as∫
dr1
∫
dr2u
†
I(r1)H(r1, r2)uI(r2) = EI , with EI ≡
diag(E
(1)
I , E
(2)
I , E
(3)
I , E
(4)
I ,−E(1)I ,−E(2)I ,−E(3)I ,−E(4)I ).
The unitary matrix uI(r) satisfies the orthonormal and
completeness conditions,
∫
u†I(r1)uJ(r1)dr1 = δIJτ0
and
∑
I uI(r1)u
†
I(r2) = δ(r12)τ0.
By using the unitary matrix uI , the solution of the
Gor’kov equation (A3) is obtained as, G(r1, r2;ωn) =∑
I uI(r1) (iωnτ0 − EI)−1 u†I(r2), which can be recast
into
G(r1, r2;ωn) =
∑
EI>0
[
ϕI(r1)ϕ
†
I(r2)
iωn − EI
+
CϕI(r1)ϕ†I(r2)C−1
iωn + EI
]
. (A8)
From this expression, the sum over the Matsubara fre-
quency in Eq.(A5) results in the Fermi distribution func-
tion f(x)≡ 1/(ex/T + 1), and thus, the gap equation is
reduced to
i
[
∆ˆ(r1, r2)sy
]
αβ
= Vγδαβ(r12)
∑
EI>0
[
uI,δ(r1)v
∗
I,γ(r2)
×f(EI) + v∗I,δ(r1)uI,γ(r2)f(−EI)
]
.
(A9)
We solve the BdG equation Eq.(A6) and the gap equa-
tion (A9) self-consistently, instead of solving the Gor’kov
equation directly.
3. Gap equations for CuxBi2Se3
In this paper, we consider the following short-range
electron density-density interaction as pairing interaction
of superconducting topological insulator CuxBi2Se3
50:
Hint = U
[
n21(r) + n
2
2(r)
]
+ 2V n1(r)n2(r), (A10)
where the electron density operator in orbital σ is de-
fined as nσ =
∑
s=↑,↓ ψ
†
σ,s(r)ψσ,s(r), and U and V de-
note intra-orbital and inter-orbital interaction constant,
respectively. The general form of the pairing interac-
tion Vγδαβ(r12) in Eq. (A1) is simplified to Vγδαβ(r12) =
Vαβδαδδβγδ(r12), where the intra-orbital interaction (i.e.,
σα = σβ) yields Vαβ = U and the inter-orbital one
(σα 6= σβ) gives Vαβ = V . Using the effective pairing in-
teraction, the gap equation (4) is derived from Eq. (A9)
as
i
[
∆ˆ(r)sy
]
αβ
=Vαβ
∑
EI>0
[
uI,α(r)v
∗
I,β(r)f(EI)
+v∗I,α(r)uI,β(r)f(−EI)
]
. (A11)
with ∆αβ(r1, r2) = ∆αβ(r1)δ(r12). The BdG equation
(A6) and gap equation (A11) form a set of self-consistent
equations for superconducting topological insulators.
The Fermi statistics of electrons imposes the
condition ∆ˆ = sy∆ˆ
Tsy, on the pair poten-
tial ∆ˆ. There are six independent matrices,
(∆1a,∆1bσx,∆2σysz,∆3σz ,∆4xσysx,∆4yσysy), that
satisfy this condition.18,50 Hence, the general form
of ∆(r) is expanded in terms of the six independent
pairings
∆ˆ(r) =
∑
j
∆j(r)Γˆj . (A12)
Here the Hermitian matrices Γˆj = Γˆ
†
j (j =
1a, 1b, 2, 3, 4x, 4y) are given by, Γ1a = 14×4, Γ1b = σx,
Γ2 = σysz, Γ3 = σz , Γ4x = σysx, and Γ4y = σysy, respec-
tively. For the pair potential of Eq. (A11), the coefficients
∆j are calculated by ∆j(r)=
1
4Tr4[Γˆj∆ˆ(r)].
In Table I, we summarize possible bulk pairing poten-
tials of CuxBi2Se3 and their properties.
4. A generic form of the Hamiltonian preserving
discrete symmetries
We here derive a generic form of the Hamiltonian,
HTI(k), for spin-1/2 electron systems with two orbital
degrees of freedom that preserves discrete symmetries,
the inversion, time-reversal, mirror reflection, and n-fold
7rotation symmetries (n ≥ 2). It is first convenient to
introduce the γ matrices that satisfy the following re-
lations, {γi, γj} = 2δij , where i, j = 1, 2, · · · , 5. We
also introduce their commutators γij , which is defined
as γij =
1
2i [γi, γj ]. A generic form of a 4 × 4 hermitian
matrix can be expanded in terms of the five γ-matrices
and ten their commutators in addition to the unit matrix
as63,64
HTI(k) = d0(k) +
∑
j
dj(k)γj +
∑
ij
dij(k)γij . (A13)
Let us now summarize the discrete symmetries rele-
vant to topological insulators. Since the Z2 topological
insulators hold the inversion symmetry and time-reversal
symmetry,65 the Hamiltonian must satisfy the following
relations,
PHTI(k)P† = HTI(−k), P = σx, (A14)
T HTI(k)T −1 = HTI(−k), T = isyK. (A15)
We further suppose that the system holds the mirror re-
flection symmetry and n-fold rotation symmetry about
the zˆ-axis:
MHTI(k)M† = HTI(−kx, ky, kz), M = isx, (A16)
UnHTI(k)U †n = HTI(Rnk), (A17)
Here, the mirror reflection plane is set to be normal to the
xˆ-axis. A SU(2) rotation matrix in spin space is given
as Un = exp(−iϕsz/2), which describes n-fold discrete
rotation about the zˆ-axis by an angle ϕ = 2π/n (n ∈
Z). The corresponding SO(3) rotation matrix is given
by Rn. Equation (A17) is the joint rotation of spin and
momentum spaces. The mirror symmetry (A16) and n-
fold rotation symmetry (A17) are relevant to electron
systems with crystalline symmetry.
Following Ref. 65, we choose the γ matrix to
be even under PT , PT γjT −1P−1 = γj , since the
Hamiltonian in normal states is invariant the com-
bination of the inversion symmetry and time-reversal
symmetry, PT HTI(k)T −1P−1 = HTI(k). Then,
the five γ matrices are given as (γ1, γ2, γ3, γ4, γ5) =
(σx, σy, σzsx, σzsy, σzsz). Using this expression, one
finds that all γij are odd under PT , PT γijT −1P−1 =
−γij . Hence, the inversion symmetry and time-reversal
symmetry require that all dij(k) in Eq. (A13) vanish. As
a result, the PT -invariant Hamiltonian is parametrized
with the unit matrix and five γ matrices as
HTI(k) = d0(k) +
∑
j
dj(k)γj (A18)
The transformation of γ matrices under P , T , and M
is summarized in Table II. This implies that d0(k) and
d1(k) are even on k and T and otherwise odd, i.e.,
d0(−k) = d0(k) and
dj(−k) =


dj(k) for j = 1
−dj(k) for j = 2, 3, 4, 5
(A19)
γ1 γ2 γ3 γ4 γ5
P +1 −1 −1 −1 −1
T +1 −1 −1 −1 −1
M +1 +1 +1 −1 −1
TABLE II: Parity of the γ matrices under the inversion oper-
ator T , time-reversal operator T , and mirror operator M.
The time-reversal symmetry requires dj(k) to be real.
The mirror symmetry imposes constraint on the coeffi-
cients dj(k) as
dj(−kx, ky, kz) =


dj(k) for j = 1, 2, 3
−dj(k) for j = 4, 5
(A20)
and d0(−kx, ky, kz) = d0(k).
Let us first consider the d5(k)γ5 term in H(k). Since
the time-reversal and inversion symmetries require d5(k)
to be odd on k, it can be expanded in the lowest or-
der on k as d5(k) = α5xkx + α5yky + α5zkz + O(k3),
where α5x, α5y , and α5z are arbitrary real coefficients.
The mirror symmetry imposes constraint (A20), which
leads to α5y = α5z = 0. The n-fold rotation sym-
metry transforms the d5(k)γ5 to Un [d5(k)γ5]U
†
n =
α5x (kx cosϕ− ky sinϕ) γ5. Hence, for H(k) to be invari-
ant underM and n-fold rotation, the d5(k)γ5 term must
vanish,
d5(k) = 0, when n ≥ 2. (A21)
Similarly, since γ2 is odd under P and T and even under
M, the coefficient d2(k) is parameterized in the lowest
order on k as d2(k) = α2yky+α2zkz. The n-fold rotation
symmetry, however, requires α2y = 0, i.e.,
d2(k) = α2kz. (A22)
Hence, a generic form of the Hamiltonian preserving
discrete symmetries is given in the lowest order on k as
H(k) = d0(k) + d1(k)σx + [d3(k)sx + d4(k)sy]σz.(A23)
The coefficients (d0, d1, d3, d4) must satisfy the follow-
ing condition to preserve the n-fold rotation symmetry,
d0(k)=d0(Rnk), d1(k)=d1(Rnk), and
e−iϕsz [d3(k)sx + d4(k)sy] = d3(Rnk)sx + d4(Rnk)sy.
(A24)
Owing to the inversion, mirror, and time-reversal
symmetries, d3(k) and d4(k) are parameterized as
d3(k) = α3yky + α3zkz, and d4(k) = α4kx in the
lowest order on k. Then, the condition (A24) is
recast into e−iϕsz [(α3yky + α3zkz) sx + α4kxsy] =
α3y (kx sinϕ+ ky cosϕ) sx + α3zkzsx +
α4 (kx cosϕ− ky sinϕ) sy. For n ≥ 2, the condition
is satisfied when
α3y = −α4, α3z = 0. (A25)
8FIG. 5: (color online) The first row shows the energy spectra in the normal state for m˜1 = −0.17 and various m˜2: m˜2 = −0.066
(δ = 0.159) (a), −0.133 (δ = 0.118) (b), −0.20 (δ = 0.08) (c), and −0.266 (δ = 0.04) (d). In the second (third) row, we plot
the spatial profiles of the pair potentials in the vicinity of the surface, ∆1a and ∆3 (∆1a ± ∆3). Figures in the fourth row
depicts the quasiparticle energy spectra for the superconducting A1g state (bulk s-wave pairing state). Here we set V = 0 and
∆bulk ≡ ∆1a(z = L/2) = 0.1|m0|. The thick lines (blue color) show the dispersion originating from the surface Dirac fermions.
To this end, when a system preserves the inversion,
time-reversal, mirror reflection, and n-fold rotation sym-
metries (n ≥ 2), a generic form of the Hamiltonian is
given in the lowest order on k as
HTI(k) =d0(k) + d1(k)σx + α2kzσy
+ α4 (kxsy − kysx)σz, (A26)
where d0(k) and d1(k) which are even on k are given by
d0(k) = α00 + α0‖(k2x + k
2
y) + α0⊥k
2
z , (A27)
d1(k) = α10 + α1‖(k2x + k
2
y) + α1⊥k
2
z . (A28)
Equation (A26) has the same form as the k · p Hamilto-
nian describing the low-energy band structure of topo-
logical insulators, including Bi2Se3 and SnTe.
49,50,53,66
Hence, the form of the Hamiltonian (1) is generic for
carrier-doped topological insulators with an appropriate
crystalline symmetry.
Appendix B: Supplementary numerical results
In this section, we present supplementary numerical
data of self-consistently determined surface pair poten-
9tial.
1. Surface states of bulk s-wave pairing
First, the first row of Fig. 5 illustrates how the sur-
face pair potential depends on the separation of surface
Dirac fermions from the bulk. The separation becomes
worse from left [(a)] to right [(d)]. The first row of Fig. 5
shows the energy spectra in the normal state by solving
HTI(−i∇)ϕD(r) = EϕD(r), where the four-component
vector ϕD(r) obeys the boundary condition, ϕD(r) = 0,
on the surfaces z = 0 and z = L. We assume uniform
infinite x-y plane. The wave function is factorized as
ϕD(r) = e
ikxx+ikyyϕD(z). The effective Hamiltonian de-
scribing the band structure of Bi2Se3 near the Γ point is
given in Eq. (1), where m(k) = m0+m1k
2
z+m2(k
2
x+k
2
y)
with m1m2 > 0 and c(k) = −µ+ c1k2z + c2(k2x+ k2y) with
the chemical potential µ.49,53 Here we set the parameters
to be m0 = −0.28 eV, vz = 3.09 eVA˚, v = 4.1 eVA˚, and
m1 = 5.80 eVA˚ and the chemical potential is fixed to be
µ/|m0| = 1.8.15,18 The effect of the c1 and c2 terms are
discussed in Fig. 8 and the corresponding text, and oth-
erwise we set c1=c2=0. The parameterm2 takes various
values in the range of m˜2≡m2m0/v2z ∈ [−0.033,−0.33].
In the case of sgn(m0m1) < 0, the gapless Dirac cone ex-
ists, whose wave function is bound on the surfaces within
the penetration depth ℓ ≡ κ−1− (see Eq. (6) and the sub-
sequent sentences). To quantify the separation of the
Dirac cone from the bulk conduction band, we intro-
duce δ in Eq. (5) that quantifies the separation of the
surface Dirac cone from the conduction band. We find
0.05 < δ < 0.18 for the range of −0.033 < m˜2 < 0.33
for m˜1 = −0.17, which is consistent with angle-resolved
photoemission spectroscopy data54. As illustrated in the
first row of Fig. 5, the surface Dirac cone is well isolated
from the bulk spectrum at the Fermi level for small |m˜2|,
i.e., large δ.
In the second row of Fig. 5, we show corresponding
numerical results of pair potentials near the (111) sur-
face in the superconducting state. Here we have as-
sumed s-wave pairing symmetry (A1g state of Table I)
in the bulk. The pair potentials are obtained by solv-
ing self-consistently the BdG equation (2) and gap equa-
tion (4) in zero temperature. We set V = 0, and U
is chosen so as to fix the pair potential in the bulk as
∆bulk = 0.1|m0|, which corresponds to kFξ = 12.5 in
terms of the coherence length ξ = vF/∆bulk with “Fermi
velocity” vF=∂ECB(k‖)/∂k‖|k‖=kF . The Fermi momen-
tum of the conduction band, kF, is determined by solving
ECB(kF) = µ, where k
2
‖=k
2
x + k
2
y. The results in the first
row clearly indicate that the odd-parity pairing ∆3 is in-
duced in the surface region within the length scale of the
penetration depth of the Dirac cone ℓ.
The third row of Fig. 5 decomposes the same pair po-
tentials in the orbital components, ∆1a(z) ± ∆3(z). It
is seen that the pair potential ∆1a − ∆3 for the σ = 2
orbital is strongly enhanced near the surface, while the
-1.5
-1.0
-0.5
 0
 0.5
 1.0
 1.5
 2.0
 0  0.1  0.2  0.3
FIG. 6: (color online) Spatial profiles of the pair potentials
in the non-topological s-wave pairing, A1g state, for vari-
ous kµξ’s: kµξ = 12.5, 15, and 125. We here set V = 0,
m˜1 = −0.17, and m˜2 = −0.20 (δ = 0.08). The solid and
broken lines denote ∆1a(z) and ∆3(z), respectively. The sub-
dominant pair potential and the enhancement of ∆1a on the
surface are unchanged by increasing the dimensionless param-
eter kµξ, where the deviation and enhancement of the pair
potentials are tightly bound at the length scale of the pene-
tration depth of the surface Dirac fermion, ℓ ∼ 2k−1µ .
pair potential ∆1a+∆3 for the σ = 1 orbital is not. This
reflects that the surface Dirac fermions occupy only one
orbital state, σ = 2 (see Eq. (6)).
The quasiparticle energy spectra in the bulk s-wave
pairing state, E(kx, ky), are displayed in the fourth row
of Fig. 5. The quasiparticle spectra have a two-gap
structure, where a larger gap, E = ±∆surf , opens for
the surface Dirac fermions in addition to the bulk gap
E = ±∆bulk. The magnitude of the surface gap is en-
hanced with decreasing the amplitude of m˜2. The corre-
FIG. 7: Spatial profile of pair potentials (a) and LDOS (b) for
the bulk s-wave superconducting A1g state with V/U = 1.0
and (m˜1, m˜2) = (−0.17,−0.20) (δ = 0.08). (c) LDOS for the
bulk A1g state with ∆ˆ = ∆1, where the underlying normal
electrons are topologically trivial, i.e., sgn(m0m1) = 1, which
is not accompanied by the surface Dirac fermion.
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FIG. 8: (color online) (a) Energy spectra of the normal state
for c˜1 = 0.0, −0.03, and −0.06, where we set m˜1 = −0.17,
m˜2 = −0.066, and c˜2 = −0.1 are fixed. (b) Difference δ
between the Fermi surfaces of the conduction band kF and
the Dirac cone kDF as a function of c˜1 for c˜2 = 0.0, −0.1, and
−0.2. The inset in (c) shows N1(0)/N2(0) for (c˜1, c˜2) = (0, 0)
and (−0.0052,−0.2), where Nσ(0) is the zero-energy LDOS
of the σ orbital in the normal state.
sponding LDOS is displayed in Fig. 2.
We have numerically checked how the surface pair po-
tential behaves for weaker pairing kFξ ≫ 1. Figure 6
shows the self-consistently obtained pair potentials for
kFξ = 12.5, 50, and 125. It turns out that the parity
mixing and the enhancement of the surface pair poten-
tial are robust for weak pairing.
Figures 7(a) and 7(b) illustrate the pair potentials and
the LDOS for the bulk s-wave pairing state with a finite
FIG. 9: (color online) SDOS, N (E), for the bulk s-wave su-
perconducting states, where we set kFξ = 125, (m˜1, m˜2) =
(−0.17,−0.20), and V = 0 (δ = 0.08). The definition for
N (E) is given in Eq. (9), where l0 is set to be l0 = k
−1
F
(a)
and 2k−1
F
(b). (c) SDOS, N (E), for the bulk s-wave state
without surface Dirac fermions, sgn(m0m1) = +1, where we
set l0 = 2k
−1
F
.
inter-orbital coupling V/U = 1.0. The inter-orbital spin-
singlet pairing ∆1b is induced by nonzero V in the vicinity
of the surface. Nevertheless, the SDOS does not alter the
double-peak structure, as illustrated in Fig. 7(b).
For comparison, we have also studied the case without
surface Dirac fermions. This case is realized by choosing
a topologically trivial normal state with sgn(m0m1) =
+1. The resultant LDOS is shown in Fig. 7(c), which
yields a merely simple U-shape even in the vicinity of
the surface. This result supports our claim that the ex-
istence of surface Dirac fermions is indispensable to the
large parity mixing and enhancement of the surface pair
potential.
In Fig. 8, we discuss the effect of the diagonal self-
energy c1k
2
z+c2k
2
‖ in the A1g state. The term coupled to
c2 changes the Fermi radius kF of the conduction band
at kz = 0, while the c1 term relatively shifts the Fermi
momentum of the Dirac cone, as shown in Fig. 8(a). Note
that for Bi2Se3, the values of c˜1 and c˜2 are estimated as
−0.3 and −1.6.53 However, the Dirac cone is ill-defined
at the Fermi level if we use the same parameters given in
Ref. 53. The well-defined surface Dirac cone requires |c˜1|
and |c˜2| to be sufficiently small in addition to the small
m˜2.
The separation δ defined in Eq. (5) is plotted in
Fig. 8(b) as a function of c˜1 ≡ m0c1/v2z for various c˜2.
It is seen that as |c˜1| increases, the surface Dirac cone
is merged to the bulk conduction band. To clarify the
effect of the c˜1 and c˜2 terms on the enhancement of the
pair potential at the surface, we plot the spatial profiles
of the ∆1a ±∆3 for (c˜1, c˜2) = (0, 0) and (0.0052,−0.2),
where the separation is fixed to be δ = 0.159. As seen in
Fig. 8, the ratio of the suface density of states (SDOS)
in each orbital is slightly deviated by increasing |c1| and
|c2|, which indicates that the relative population of the
orbitals in the surface Dirac cone varies. The spatial
profile of the pair potentials at the surface is, however,
insensitive to the increase of |c1| and |c2|.
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FIG. 10: (a) Spatial profiles of the pair potentials in the topo-
logical odd-parity state, the A1u state. The pair potential
∆bulk is determined by the amplitude at the center of the
system, ∆bulk ≡ ∆2(z = L/2). The corresponding energy
spectra of quasiparticles at m˜2 = −0.066 (δ = 0.159) and
−0.20 (δ = 0.08) are shown in (b) and (c), respectively.
FIG. 11: (a) Shape of the Fermi surface: the spheroidal (the
blue curve) and cylindrical (red) Fermi surfaces are given by
changing the set of the parameters (c1,m1, vz). SDOS’s in the
A1u state with the spheroidal Fermi surface (b) and cylindri-
cal Fermi surface (c).
Finally, using Eq. (8), we calculate the SDOS defined
in Eq. (9), which is a direct observable in STM exper-
iments. The length scale l0 denotes the probing depth
and is of the atomic order ∼ k−1F . In Fig. 9, we plotN (E) for the bulk s-wave superconducting state with
kFξ = 125, which clearly indicates an extra coherent peak
at the surface gap E = ±∆surf ≈ 1.6∆bulk, besides the
conventional peak at the bulk gap. In contrast, such a
double-peak structure is never seen in the case without
the surface Dirac fermions (see Fig. 9(c)), where the elec-
tron state in the normal state is a topologically trivial,
sgn(m0m1) = +1.
2. Bulk topological odd-parity pairing
We now turn to the results for bulk topological odd
parity superconductor, ∆ˆ = ∆2σysz. As shown in
Fig. 10(a), the self-consistently determined pair poten-
tial is suppressed near the surface region and the sub-
dominant component never mixes, in contrast to the
case of the non-topological s-wave pairing. As shown
in Figs. 10(b) and 10(c), the resultant energy dispersions
are qualitatively same as previous results obtained with
a spatially uniform pair potential.15–18
3. Tight-binding Hamiltonian and Fermi surface
evolution
To clarify the effect of the Fermi surface evolution
from the spheroidal to cylindrical shape, we introduce
the tight-binding model for superconducting topological
insulators. We consider a hexagonal lattice whose prim-
itive vectors are (
√
3a/2, a/2, 0), (0, a, 0), and (0, 0, c).
The tight-binding Hamiltonian is obtained from Eq. (1)
by replacing k as follows22: kx → 2√3a sin
√
3kxa
2 cos
kya
2 ,
ky → 23a (cos
√
3kxa
2 sin
kya
2 + sinkya), k
2
x + k
2
y → 43a2 (3 −
2 cos
√
3kxa
2 cos
kya
2 − cos kya), kz → 1c sin kzc, and k2z →
2
c2 (1 − cos kzc), where a and c are the lattice constants
and for Bi2Se3, a = 4.14A˚ and c = 28.7A˚. Using the
tight-binding Hamiltonian, we self-consistently solve the
BdG and gap equations in the A1u state which is the
topological odd-parity pairing.
In Fig. 11(a), we show the shape of the Fermi surface
in the normal state. For the calculation of the SDOS
presented in the main text, we set the parameters as fol-
lows: m0 = −0.28 eV, µ = 1.8|m0|, c2 = 30.4 eVA˚,
m2 = 44.5 eVA˚
2, and v = 3.33eVA˚ as given in Ref. 53.
To change the shape of the Fermi surface, we choose
c1/c
2 = 0.024 eV, m1/c
2 = 0.20 eV, and vz/c 0.32 eV
for the spheroidal Fermi surface,22 and c1/c
2 = 0.01 eV,
m1/c
2 = 0.05 eV, and vz/c 0.05 eV for the cylindri-
cal shape. The corresponding SDOS profile for the
spheroidal Fermi surface is displayed in Fig. 11(b). Here,
the double low-energy peaks are observed, because these
values of the parameters indicate that the surface Majo-
rana cone is not twisted.18 For the spheroidal Fermi sur-
face, as shown in Fig. 11(c), the surface state in the A1u
state vanishes, resulting in the simple U-shaped LDOS
on the surface.
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